Abstract -The technical successes in radio navigation and the availability of numerical algorithms have promoted the implementation of GPS-technology to atmospheric sciences. The tomographical contribution of Global Satellite Navigation Systems (GNSS) is possible due to the methods of high precision detection of tropospheric delays of navigation signals from satellites to receivers. The principal specific character in initial constraints, data collection and assimilation methods, the obtaining of final numerical results and their interpretation make the continuation of the success story for GPS-tomography very challenging. The authors use numerical simulation as the most time-and cost-efficient way to study different processes related to tropospheric water vapor tomography. This paper tends to give a short overview about some known methods in GPS-tomography for detection, monitoring and modeling of the tropospheric water vapor. The possible mathematical approach to the construction of virtual network of ground-based sensors (GPS-receivers) for a real geographical location and discretization of the troposphere, also some aspects of raw data filtering and analysis are described. Output of tomographical modelling of the troposphere can be used to improve the results of large-scale numerical weather prediction models and also real-time navigation. The questions of voxel geometry and methods of data processing are supposed to be the key questions in constructing an effective network of GPS-receivers for water vapor tomography.
Introduction
The GNSS (Global Satellite Navigation System known as GPS, GLONASS and further coming GALILEO) has become a part of everyday life. A lot of effort has been made to use navigation signals for obtaining information on the atmospheric properties on the satelliteground-based receiver path. The GPS-signal is used, in particular, to obtain information on the concentration of tropospheric water vapor as one of the most important greenhouse gas and a carrier of latent heat in the atmosphere. Related large-scale experiments and monitoring have been launched in Japan (GEONET), US (SuomiNet), Europe (E-GVAP), etc.
Tomographic methods have been developed to get a 3D distribution of water vapor in the troposphere [5, 11, 14, 25] . The work on improvement and efficiency of the tomographic methods, largely depending on the experimental setup and mathematical methods is a part of interest and a subject of research for the Estonian group, partly presented at EMSS 2005 [23] , Marseille. Special efforts are made to implement the Slant Delays and observation operator developed by R. Eresmaa and H. Järvinen at the Finnish Meteorological Institute (FMI) [10] .
Although not so widely used yet, the tomographic method based on Slant Total Delay (STD) [36] has several essential advantages compared to traditional integrated precipitable water (IPW) estimation based on the Zenith Total Delay (ZTD) approach [30] . For highresolution numerical weather prediction (NWP) the benefit of using STD is coming from the three main aspects: (i) the larger amount (of the order of 10) of observations available, as there are several satellites simultaneously visible from each point of observation, (ii) STD-observations can contain information on atmospheric anisotropy -temperature and humidity gradients (ZTD observations assume isotropic atmosphere), (iii) ZTD can be considered as a special case of STD (ZTD is derived from raw measurements along the slanted signal paths) [10] . The general scheme of information flows in GPS-tomography is shown in Fig. 1 .1.
F i g. 1.1. Meteorological information from GPS navigation data
STD observations provide a potential for water vapor tomography -to obtain the real 3D distribution of tropospheric water for kilometric scale modeling, but on the other hand, the procedure for production of STD observations is still in the stage of evolution [9, 10] . It is not persuasively clear if the accuracy of near real time STD observations is adequate for the operational demands of NWP systems. Due to the geometry of the slanted signal paths, assimilation of STD is not as straightforward as the assimilation of ZTD. Moreover, it is currently not known how to properly account for the complicated observation error correlations of STD [10] .
From the NWP point of view, ZTD is a desirable observation since it is a linear function of vertically Integrated Precipitable Water (IPW) above the GPS receiver [1] . IPW is directly related to the model humidity variable and is ideally suited to the model geometry. The relative complexity of usage of the slanted signal paths and common practice with NWP has suppressed the applicability of water vapor tomography at operational level. However, it rises challenges for research and modeling at present and in the future.
The first goal is to simulate a large-scale experiment (using a ground-based GPS receiver network). The situation is modelled where the information on the water vapor content surveillance is obtained from the ground-based GPS-receivers supported by additional meteorological sensors. These can be considered as stand-alone proactive agents with individual environment-dependent inputs and outputs. The information is processed by the central server and the results will be interpreted for the whole area of interest. The IPW from a fixed geographical position is obtained by GAMIT/GLOBK software (GAMIT/GLOBK is a GPS analysis package developed at Massachusetts Institute of Technology and Scripps Institution of Oceanography for the estimation of three-dimensional relative positions of ground stations and satellite orbits) and used as one of the links between simulation and reality. The real data from a fixed point are essential for calibration and evaluation of the model.
Kalman Filtering (KF) (and its modifications) has been investigated to minimize the noise in the initial data. The conventional KF is known as a serious computing power-consuming procedure for large sensor networks. The first results with real data for calibration were obtained and presented on December 2006.
Water vapor tomography -how it works
GPS signals propagating from GPS satellites to the receivers on the ground are affected by the atmosphere. Atmospheric refraction induces slant delays in individual rays propagating from GPS satellites to ground-based receivers. A Slant delay is expressed in terms of the excess path length of GPS radio signals along their propagation path between a GPS satellite and a ground-based receiver. The ionosphere has a dispersive effect on the GPS-frequencies (L1=1575.42 MHz, L2=1227.60 MHz) and the troposphere has a nondispersive effect on the GPS-signal. This allows the ionospheric effects to be removed by a linear combination of dual frequency data [18, 38] . The troposphere is a nondispersive medium and its impact cannot be determined by using the 2-frequency techniques.
In general, the effect of both the ionosphere and the troposphere can be measured by additional delays of the signal on the receiver-satellite path. Due to the atmospheric refraction F i g. 2.1. Path of the radio signal through the atmosphere the signal path is not the shortest straight line between receiver and satellite, but some kind of curve ( Fig. 2.1 ).
On the path to the receiver, different components of the GPS-signal will arrive at the antenna at a different time instant. The ionospheric refraction causes a delay of the information package (modulated on the carrier signal) and the advance of the carrier phase. The physical reason is that the wave group and the phase velocity depend on the refraction index of the environment. Analysis, determination, and elimination of ionospheric effects are out of the scope of this article. A more detailed description can be found in [18, 20, 38] .
The ionospheric delay can be removed (in the model case by adding supporting 2-band receivers to the monitoring network and interpolation of the ionospheric constituents between gridpoints).
The molecules of tropospheric gases and hydrometeors have a negative effect on the signal propagation: increasing the noise component in the GPS-receiver and absorbing the signal. In most cases the absorption is not a trouble for GPS-networks. Atmospheric attenuation at GPS frequencies is of the order of 0.035 dB for a satellite in zenith and about 10 times more at low elevation angles. The attenuation is caused mainly by oxygen. The effects of water vapor, rain and nitrogen are negligible. Even a dense rainfall causes an attenuation less than 0.01 dB/km [29] . The delay caused by the neutral atmosphere can be divided into two components: zenith hydrostatic delay ("dry" component, ZHD) as a result of the induced dipole moment and zenith wet delay ("wet" component, ZWD) due to the permanent dipole moment of PW (Precipitable Water, water molecule) and liquid water (LW) present in the troposphere [31] . The wet component is spatially and temporally varying, therefore the errors in the models for the wet component are larger than the errors in the models for the "dry" component.
Delay of electromagnetic waves in the atmosphere
The general scheme of propagation of the electromagnetic signal through the atmosphere is shown in Fig. 2.1 . Due to the refraction the actual path of a signal from the satellite to the receiver is longer than the shortest geometrical way.
The Slant total delay (STD) is induced by both dry air and water vapor. The Slant dry delay can be estimated by surface pressure measurements or by numerical weather models [6] . The Slant wet delay (SWD) can be estimated as the difference between the full slant delay and the slant dry delay. The tropospheric delay can be given as follows [18] :
where n(s) denotes the atmospheric refraction index on the signal path. Integration is performed over the total path in the troposphere and instead of the refractive index a new quantity N trop = 10 6 (n − 1) is introduced, because the numerical value of (n − 1) in the atmosphere is approximately 10 −6 , therefore it is reasonable to multiply it by 10 6 . Now N trop varies from 0 to 300 and is often referred to as refraction. Equation (3.1) can be explained as
Dividing the delay into two components (dry and wet), the total delay can be given as
This kind of dividing into components comes from practical considerations. The dry component of the tropospheric delay is precisely described by different mathematical models (for example, models of Hopfield, Niell, Saastamoinen, and others) [27] . Prediction and modeling of the wet component is complicated. The problem comes from the lack of measurement data and the instability of the troposphere (tropospheric turbulence). The tropospheric refraction is often explained by the empiric equations [18] 
, p is atmospheric pressure in mb, T is temperature in K and e is the partial pressure of water vapor.c 1 ,c 2 ,c 3 are empiric constants (they can have some evolution due to changes in the atmosphere). The results can be improved by measuring the real meteorological indices at the observation site. The real data are entered into some of the known refractivity models (Hopfield, Saastamoinen, etc.). It is possible to get an estimate for the dry component of the tropospheric delay with an accuracy < 1 mm if the ground surface pressure is measured with an accuracy 0.3 mb [8] .
The wet component of the tropospheric delay varies remarkably (from some millimeters in polar areas and up to 40 mm in tropics). Dry component estimation needs only the air pressure and temperature at the ground surface. For the wet component, information on the relative humidity is also needed. This means that each point of measurement needs not only a GPS-receiver but also the values of 3 additional meteorological parameters -temperature, air pressure, and relative humidity.
The signal delay additionally depends on the elevation angle, having the highest values closer to the horizon. For geodetic and navigation applications it is an uncomfortable effect increasing measurement noise and inaccuracy in positioning. From the meteorological point of view the situation is more favorable -the lower the satellite above the horizon, the longer the signal path in the atmosphere and the more valuable information on the atmospheric state it may contain. In navigation, elevation angles below 15 deg are not recommended. There are restrictions in GPS-meteorological applications also coming from practical considerations. In common practice, an elevation angle cut-off of 10 degrees is used. Nevertheless, in the literature information on the observations and mapping functions down to 2 degrees over the horizon can be found [15] . The cut-off angle is one of the parameters taken into account when planning simulation experiments (and processing GPS-observations data) described in the following sections.
For elevation angles z close to 90 deg, the increase in the delay in the troposphere is proportional to 1/ cos z. For lower angles (closer to the horizon) this simple approximation is inadequate and more sophisticated mapping functions are used (like Marini continued fraction version, Niell, Lanyi mapping function, etc.) [18, 29] .
The dependence of noise in GPS-measurements is illustrated in Fig. 3 .1, based on the real measurements in Tartu, Estonia. The elevation cut-off angle used is 10 degrees. The data were recorded at 10 s intervals. It is easy to notice that the lower the angle the higher the noise. 
Estimation of tropospheric signal delays
To obtain the amount of water vapor in the atmosphere, we need a relationship between the signal delays and IPW.
The amount of integrated water in the atmosphere (in the zenith direction above the GPS-antenna) is equivalent to the height of the liquid water column. It is found by dividing the zenith integrated water vapor by the liquid water density. In a similar manner the slant water (SW) is defined as the length of an equivalent liquid water column on the ray path between the GPS-receiver i and the satellite m. SW can be derived from the STD measurements described in [10] . The IPW and SW can easily be found as IP W = Π · ZW D and SW = Π · SW D (assuming isotropic atmosphere). Π = const, its dependence on the real environmental parameters can be given [2] as Π = 10
, where ̺ is the liquid water density (1000 kg/m3), R v is the specific gas constant for the water vapor (461.524 Jkg
2 /Pa and 0.22 K/Pa respectively) are physical constants (by Smith and Weintraub [28] ) and T m is the mean temperature of the atmosphere. The latter is defined [7, 31, 35] as
where T is the temperature and P v is the partial pressure of the water vapor. T m can be obtained either from the surface temperature measurements or from the numerical weather models. From the surface temperature measurements Π can be estimated with an error less than 2% [1, 2] . The typical value of Π is 0.15, implying that 1 mm of slant water corresponds to a SWD ∼6.5 mm. Slant water can be referred to as the equivalent amount of liquid water in units of millimeters [4] . The water-vapor-weighted atmospheric mean temperature, T m , is a key parameter in the retrieval of atmospheric precipitable water (PW) from ground-based GPS measurements of ZPD/SPD, as the accuracy of the GPS-derived PW is proportional to the accuracy of T m . The RMS (root mean square) error of GPS-derived PW ranges from less than 2 mm in North America to 3.7 mm in Japan. The uncertainty of 5 K in T m corresponds to the 1.6-2.1% uncertainty in PW. T m has also temporal and spatial variations, described in [35] . Determination of the areal numerical value for the conversion factor Π (and its variations) is a task that can be done only by long-term statistics in the area of interest.
Troposphere monitoring
For practical monitoring (for real reference data) a Trimble NetRS GPS-receiver was used at 58
• 23'30" N, 26
• 41'41" E, with an antenna height of 75.80 m above the reference ellipsoid.
The data is captured from December 2006 on. The data post-processing is performed by the GAMIT-software. GAMIT-processing helps to obtain the real path/delay of the signal from each satellite to the receiver (the geometrical straight path can be calculated by the time, the satellite ephemeris, and the geographical location). The difference ("real -geometrical") gives the initial information needed for tropospheric water estimation. The GAMIT-software uses the Global Mapping Function by default developed by Boehm et al. [3] for atmospheric delays calculation. In the absence of in situ meteodata (common situation during modeling), the best choice of a priori pressure and temperature for a site comes from the "global pressure and temperature" (GPT) model. It generates surface pressure and temperature values as a function of the location and the time of the year, based on a spherical harmonic fit to 20 years of meteorological data, and reduces biases in height estimates compared with adopting standard temperature and pressure (STP) for all stations at all times [17] .
To illustrate the observation process, sky-plots of the satellite trajectories are often presented ( Fig. 5.1 ). The plot is made for 1 day and with 4 intervals. The precise trajectories of the satellites are presented by smooth curves and the real observation phase residuals can be seen as a noise. The observer is in the middle of the circle, the North direction is on the right, East is upward and the short bar in the middle corresponds to the scale of phase residuals (in our case the bar length equals 19 mm).
Figures 3.1 and 5.1 are not the results of measurements, but they illustrate the dependence of the pre-described received signal noise on the satellite elevation angle and can point to some technical troubles with measurements (multipath, for example). Both figures indicate that the lower the satellite is above the horizon, the more things we have to detect in the meteorological sense.
From the time differences between the real signal and the signal propagating along the shortest geometric path the integrated water content above the GPS-receivers antenna is computed. Figure 5 .2 presents a 10 day interval with the corresponding evolution of the Integrated Precipitable Water, temperature, relative humidity, and air pressure in Tartu. The results presented are unsmoothed. The short-term evolution of the relative humidity at the ground level and the IPW are very unstable. It can be explained as the atmospheric turbulence, but the result contains also all undetermined noise at this stage.
Network of GPS-receivers and discretization of the troposphere
The installation of a hypothetical GPS-receiver network (Fig. 6.1 and Fig. 6 .2) for tropospheric tomography has been modelled. Tomographic methods for obtaining the 3D distribution of tropospheric water has been the subject of numerous investigations [5, 11, 14, 25] .
The idea was prompted by the conventional tomography known in medicine. The information on the ray propagation (delay or attenuation) in a certain part of the environment is obtained from different angles and later the image of the investigated constituents is reconstructed by tomographic reconstruction algorithms (often known as Radon transformations). In the model case, the delay is equivalent to the signal path (additional delay corresponds to the prolongation of the path).
From the atmospheric point of view, the GPS-signal time delays and the contribution of atmospheric water to the delays in each discrete part of the troposphere (hereafter called voxel ) are under consideration. The discretization of the troposphere into rectangular voxels is explained in Fig. 6.3 . There exist different geometrical facilities for building a system of voxels, but for the explained simulation experiment a rectangular grid was chosen as the simplest one (assuming the monitoring area relatively small). For large-scale tomography (for areas of several hundreds of quadratic kilometres different discretization models are preferable, taking into account the Earth curvature). 
. Ray paths from satellites to a GPSreceiver through rectangular voxels
The tropospheric water is mainly distributed in a layer with a height of up to 7-10 km. The horizontal resolution of 10-40 km of the grid is known from similar experiments (station separations ∼ 50 km or less recommended in the final report of the TOUGH-project [33] ). Detection of water vapor takes into account all GPS-signal ray paths (where the signal has high enough quality) from the visible satellites into each location of GPS-receiver. The maximum number of ray paths is n · m, where n corresponds to the number of satellites and m to the number of receivers. It should be noted here that n corresponds to the number of only those satellites that can be technically used in the experiment (having acceptable signal/noise ratio at a point of observation). This means that n can be smaller than the number of visible satellites (the number of usable ray paths can be reduced due to technical conditions).
The bottom facet of the voxel is rectangular. The parameters for the construction of a voxel system are the size of the horizontal grid (distance between the receivers) and the vertical step (corresponding to the number of layers in the model troposphere). The bottom of the voxel system is a tangent plane at a geographical point to the Earth as an ellipsoid. This geographical point serves as the middle point of the simulation area (middle of the virtual GPS-network). Figure 6 .4 demonstrates one simulated situation with a certain constellation of satellites, their positions related to the voxels. 144 voxels were chosen for the simulation and placed on six horizontal levels (24 voxels in each). The receivers were placed in each voxel on the ground surface, with a total number of 24. With 11 visible GPS-satellites it gives a system of 264 equations for 144 unknowns. 
The simulation model
The main problem of the tomography is to form a regular normal equation matrix which can be solved. In medicine, sencing of the human body is performed from all sides and as long as necessary to achieve a sufficiently determined numerical problem. In the GPS tomography, measurements of the atmosphere are only possible from a satellite (top) to the receivers (Earth), usually without a chance for horizontal measurements. In general, it is not possible to have enough satellites and GPS ground stations to allocate the needed amount of measurements to each voxel due to the satellites constellation, model resolution and integration time. Consequently, GPS tomography yields a difficult problem where some voxels are over-determined, but others are underdetermined from the point of view of meteorogical and tomographical information. The whole system is mixed-determined [24, 32] and the inversion may become singular.
Each signal on the receiver -satellite path penetrates a certain amount of voxels. Each voxel (with water vapor) makes its individual contribution to the total delay of the signal corresponding to Eq. (3). The full path of the signal is a sum of the paths in the intercepted voxels. The model can be interpreted as a system of linear equations
where j = 1, . . . , K, K is the total number of signal paths from all visible satellites in the GPS-network at a fixed time instant, v is the total number of voxels, s i,j is the length of the j th ray in voxel i, the x i are considered as weights of a corresponding voxel to the slant path delay and interpreted as indicators of the PW concentration. Interpretation of the solution of the system of equations (7.1) gives the distribution of water vapor by the voxels. The differences between the geometrical shortest path and the extra path, induced by the tropospheric water (depending on the temperature, humidity and air pressure at the point of measurement), are specified by the absolute term f i in the system of linear equations (7.1). Based on precise trajectories of the satellites obtained from IGS-service, the ray path length in each voxel is found, making the system (7.1) complete.
To solve the system of equations, the GPS-tomographic approach must fulfill some further conditions. a) In an ideal case, at least one GPS receiver should be present in each voxel. In that way, the system is solvable. However, this network configuration is usually not possible. A topography which accounts for a good height distribution of the GPS stations contributes substantially to the quality of the solution, but unfortunately available in mountain areas only.
b) Zenith path delays on their own are not enough to construct a sufficiently determined system of equations, no matter how many delays are available (except a situation where each voxel of the lowest layer has at least one GPS receiver). With slant delays it is possible to determine a voxel, even if no GPS receiver is inside this voxel. A huge amount of slant delays with different elevation angles improves the quality of the solution significantly. c) If the system is partially under-and partially over-determined, a technique called singular value decomposition (SVD) can be applied to diagnose and separate the underdetermined part in a way, that the over-determined part of the matrix can be inverted [32] . One possibility to overcome the geometry limitations is by using the Wet Refractivity Kalman Filter described in [14] . d) Additional conditions for voxels can be used to obtain information and stabilize the system of equations. There are two possibilities. On the one hand, meteorological information obtained from independent sources can be used to specify the situation in certain voxels (microwave radiometry, weather balloons). On the other hand, a determinability of a voxel can be assured, by interpolating the refractivity between neighboring voxels.
If one or several of these conditions are fulfilled, the system of equations can be solved. Various methods exist to check the quality of the normal equation matrix. One possibility is using the Least Squares (LS) method. It can be solved also by Kalman Filter, using the prediction and correction step alternately.
The model software has two main tasks -(i) to construct the voxel system according to initial model parameters with handling of the voxel related data and (ii) monitor the signal ray paths through the voxels. Hereby it should be mentioned that the model (also the network of GPS-receivers) obtains the slant delays directly from the GPS signal phase observations, in a manner to that described in [25] .
According to the satellite constellation at a certain time instant the geometrical shortest paths (Fig. 2.1 ) are constructed from all satellites to all of the receivers. For each signal path the intercepted voxels will be found with geometrical points of ingoing and outgoing (to fix the shortest possible ray path inside the voxel). These partial lengths are used as coefficients in system (7.1). Each ray will penetrate only a minor part of voxels and the situation changes at each time step.
The simulation of monitoring consists of the generation of initial data for a certain mathematical model and the data processing related to a specific scenario. The synthetic data consist of the outputs of GPS-receivers (including both (i) the data sent by a satellite and (ii) the data generated by a receiver).
The first category represents mostly the positions of the satellites and the time parameters of atomic clocks. These data consist of the GPS-satellite navigation message and can also be obtained from GPS Ground Control Stations or some public databases via internet. The second category consists of data about the time instants the signal was received (receiver time), the carrier phase, the position of satellites (from the receivers point of view) and some supporting information.
The simulation program compiled on the basis of the mathematical model is responsible for the generation of a situation as realistic as possible. The model situation must be described by the real geographical location and the real constellation of GPS-satellites at a certain time instant. Based on this information additional analysis is performed to find suitable locations for GPS-receivers in the monitoring network. The criterion is the solution of system (7.1) -the result must be realistic in the meteorological sense.
The simulation helps to determine under which initial conditions system (7.1) can be resolved and when the result is reliable.
Error management and filtering of initial data
Although the GPS-measurements are believed to be extremely accurate mostly for every application, they can exhibit significant errors depending on the environmental conditions and the technical dacilities of experiments. The GPS error analysis (one can find from [26] and many other handbooks) is out of the scope of current modeling experiment.
From the modeling point of view and geodetic accuracies the results are mostly affected by orbit errors and clocks drift.
Assimilation of the results into NWP models needs accuracies better than 2 mm of PWV (Precipitable Water Vapor) within 1 h of data collection [16] . For now-casting (often referred to as the weather forecasting in the 0-12 hrs timeframe) the TOUGH project report [34] recommends a time resolution of nearly real time (NRT) GPS data as high as 2-4 observations/hour with an update every hour, with a potential for faster updates in the future.
The first obstacle for geodetic data processing is related to the delayed availability of GPS-satellites precise orbits (the errors in orbit data affect directly the estimation of delays). For real-and near real time applications, only predicted or Ultra Rapid (delivered twice a day, containing 24 hrs of "real" orbit data from the International GPS Service (IGS) hourly network and the rest 24 hrs are predicted) products can be used. Improvement can be achieved by the sliding-window technique [12] .
The orbit errors are systematic (except for the occasions of Sun bursts), therefore they are easier to handle. Receiver clock errors can be eliminated mainly by the double-differencing method. Systematic errors can be eliminated by combining and comparing different data of observations.
Atmospheric tomography (and the related modeling) has additionally some specific sources of errors that cannot be ignored. The first source is related to the voxels (the meaning of the term will be given later), not giving any information (because of not being intercepted by any signal ray) and the second one is related to the real data acquisition at the point of measurement (sudden malfunction of some of the sensors or loss of the data).
The first category of problems is expected to be smoothed by Kalman Filtering (KF). KF and smoothing have also been used in the GPS-campaign in Onsala [11] . The successful exploitation of KF or its modifications [19, 21, 22, 37] is not always straightforward due to the limitations coming from the receiver network geometry. KF needs also the observability and controllability conditions to be satisfied [13] , otherwise the algorithm will not converge. The Wet Refractivity Kalman Filter [14] can be used as one of the possibilities to resolve poor geometry.
The second category of errors is overcome by using the paradigm of agents. By this concept each node of the network of GPS-receivers is considered as an autonomous proactive agent, with the main task to capture the data on GPS-observations and 3 additional meteoparameters. Additionally, each node (agent) is responsible for the data link with the central data processing unit. If, for example, one meteoparameter (let's say the ground surface temperature) is missing, then it can be requested from the adjacent agents, the result will be interpolated to the malfunctioning node and "complete" data will be sent to the central unit. This makes it technically possible to distribute some operational tasks to the agents in the nodes leaving more computational resources to the data processing.
The random measurement errors are also processed by KF. The KF addresses the general problem of trying to estimate the state of a discrete-time controlled process governed by the linear stochastic difference equation
and measurement
Here X and Z are the vectors of n-and m-dimensional real Euclidean space respectively. The random variables w k and v k represent the process noise and the measurement noise (respectively). They are assumed to be independent of each other and auto-independent, white, with normal probability distributions P (w) ≈ N(0, Q) and P (w) ≈ N(0, R). In practice, the process noise covariance Q and measurement noise covariance R matrices might change at each time step or measurement, however here assumed constant. The n×n matrix A in the difference equation (8.1) relates the state at the previous time step k − 1 to the state at the current time step k, in the absence of either a driving function or process noise. Note that in practice A might change with each time step, but here we assume it to be constant. The m × n matrix H in the measurement equation (8.2) relates the state to the measurement Z k . In practice H might change at each time step or measurement, but here in the model case we assume it also constant. KF is not applied to the model yet as all the data sets in use are generated or extrapolated. Exploiting KF in further experiments is inevitable, when the modeling data is assimilated with real measurements.
Finding the best modification of KF is one of the challenges of the modeling, as numerical precision and stability is counterbalanced with computational load, directly related to the applicability of the monitoring concept and sensor network.
